Abstract-We introduce an idea of convergent sequence in a cone 2-normed space. We show that the convergence in 2-normed spaces using the definition of 2-norm by considering its dual space. Then we construct the convergence in cone 2-normed space, particularly for ℓ2-space.
I. INTRODUCTION

S
TUDY of 2-normed space continues to grow. Among others, the study of 2-norm is done by linking its dual space [1] , especially for the ℓ 2 -space. With regards to the elaboration of the cone norm [2] , [3] , then the 2-norm was extended to cone 2-norm. Furthermore, the convergent properties in cone norm and 2-norm spaces have been studied in the literature. Then the construction of convergent sequence can be obtained on the cone 2-normed space, particularly for ℓ 2 -space. Furthermore, to construct the convergence in cone 2-normed space, first we discuss the 2-norm, 2-normed cone spaces and convergence criterion in 2-norm as follows.
Definition 1 ([4]
). Let X be a real vector space of dimension d, where 2 ≤ d < ∞. A 2-norm on X is a function ·, · : X × X → R which satisfies:
(N1) x, y ≥ 0 for every x, y ∈ X; x, y = 0 iff x and y are linearly dependent; (N2) x, y = y, x for every x, y ∈ X; (N3) x, αy = |α| x, y for every x, y ∈ X and α ∈ R (N4) x, y + z ≤ x, y + x, z for every x, y, z ∈ X. The pair (X, ·, · ) is called 2-normed space.
For history of inner product spaces and 2-normed spaces, we refer the interested reader to [4] , [1] , [5] , [6] , [7] . In [1] , we have defined the 2-norm by linking its dual space with inner product < x, z >, which is formally defined as
Furthermore for every x n , x, y ∈ ℓ 2 , we obtain x n − x, y = sup < x n − x, z > < y, z > < x n − x, w > < y, w > ; z, w ∈ ℓ ; z , w ≤ 1} Therefore for n → ∞, then
Moreover for m, n → ∞, then
Definition 3 ([3]).
A cone normed space is an ordered pair (X, · C ) where X is a linear space over R and · C : X → (E, P, · ) is a function satisfying:
(C1) x C ≥ θ for every x ∈ X; (C2) x C = θ if and only if x = 0; (C3) αx C = |α| x C for every x ∈ X and α ∈ R; (C4) x + y C ≤ x C + y C for every x, y ∈ X;
It is easy to see that R n equipped with the standard Euclidean norm is a Banach space and if P ⊂ R n for nonnegative R, P is a cone.
Definition 4 ([3]
). Let X be a linear space over R. Let (E, · ) be a Banach space and P ⊂ E be a cone. If the function ·, · C : X × X → (E, P, · ) satisfies (CN1) x, y C θ for every x, y ∈ X; x, y C = iff x and y are linearly dependent; (CN2) x, y C = y, x C for every x, y ∈ X; (CN3) αx, y C = |α| x, y C for every x, y ∈ X and α ∈ R; (CN4) x, y + z C x, y C + x, z C for every x, y, z ∈ X then (X, ·, · C ) is called a cone 2-normed space.
II. MAIN RESULTS
Let ℓ 2 -space be a 2-normed space. A function ·, · C : ℓ 2 × ℓ 2 → (R n , P, · ) defined by x, y C = n k=1 e k x, y ℓ2 , is a cone 2-normed space and we say an ℓ 2 -space as a cone 2-normed space. Theorem 1. Let (ℓ 2 , (R n , P, · )) be a cone 2-normed space with x, y C = n k=1 e k x, y ℓ2 and let (x m ) be a sequence in ℓ 2 -space, then sequence (x m ) is convergent to x ∈ ℓ 2 if for every z ∈ ℓ 2 , x m − x, z C = θ holds for m → ∞.
Proof. The sequence (x m ) converges to x ∈ ℓ 2 implies that for every z ∈ ℓ 2 , x m − x, z ℓ2 = 0 holds for m → ∞. Moreover for every z ∈ ℓ 2 , then x m − x, z C = n k=1 e k x m − x, z ℓ2 . Furthermore for m → ∞ we have x m − x, z = n k=1 e k x m −x, z ℓ2 = n k=1 e k .0 = θ. Therefore z, x m − x C = θ for m → ∞ and for every z ∈ ℓ 2 . Theorem 2. Let (ℓ 2 , (R n , P, · )) be a cone 2-normed space with x, y C = n k=1 e k x, y ℓ2 and let (x m ) be a sequence in ℓ 2 -space, then sequence (x m ) is Cauchy if for every z ∈ ℓ 2 , x m − x, z C = θ holds for m, n → ∞.
Proof. The sequence (x m ) is Cauchy implies that for every z ∈ ℓ 2 , x m − x n , z l2 = 0 holds for m, n → ∞. Moreover for every z ∈ ℓ 2 , the following holds x m − x n , z C = n k=1 e k x m −x n , z l2 . Furthermore for m, n → ∞, we have
Theorem 3. Let (ℓ 2 , (R n , P, · )) be a cone 2-normed space with x, y C = n k=1 e k N k x, y ℓ2 for a nonnegative real number N k and let (x m ) be a sequence in
Proof. The sequence (x m ) converges to x ∈ ℓ 2 implies that for every z ∈ ℓ 2 , x m − x, z ℓ2 = 0 for m → ∞. Moreover for every z ∈ ℓ 2 , the following holds
Theorem 4. Let (ℓ 2 , (R n , P, · )) be a cone 2-normed space with x, y C = n k=1 e k N k x, y ℓ2 for nonnegative real number N k and let (x m ) be a sequence in ℓ 2 -space, then sequence (x m ) is Cauchy if for every z ∈ ℓ 2 , x m −x n , z C = θ for m, n → ∞.
Proof. The sequence (x m ) is Cauchy implies that for every z ∈ ℓ 2 , x m − x n , z ℓ2 = 0 for m, n → ∞. Moreover for every z ∈ ℓ 2 , the following holds
Theorem 5. Let (ℓ 2 , (R n , P, · )) be a cone 2-normed space and (x m ) be a sequence in ℓ 2 space, then sequence (x m ) is convergent to x ∈ ℓ 2 if for every z ∈ ℓ 2 , x m − x, z C = θ for m → ∞.
Proof. The sequence (x m ) converges to x ∈ ℓ 2 implies that for every z ∈ ℓ 2 , x m − x, z ℓ2 = 0 holds for m → ∞. Moreover for every z ∈ ℓ 2 , there exists a nonnegative real number
Theorem 6. Let (ℓ 2 , (R n , P, · )) be a cone 2-normed space and (x m ) be a sequence in l 2 -space, then sequence (x m ) is Cauchy if for every z ∈ ℓ 2 , x m −x n , z C = θ for m, n → ∞.
Proof. The sequence (x m ) is Cauchy implies for every z ∈ ℓ 2 , x m −x n , z ℓ2 = 0 for m, n → ∞. Moreover for every z ∈ ℓ 2 , with nonnegative real number C k such that x m − x n , z C = n k=1 e k C k x m − x n , z ℓ2 . Furthermore for m, n → ∞, we have x m − x n , z C = n k=1 e k C k x m − x n , z ℓ2 = n k=1 e k C k .0 = θ. Therefore x m − x n , z C → θ for m, n → ∞ and for every z ∈ ℓ 2 .
III. CONCLUSIONS
This work has developed convergence of a sequence in cone 2-normed spaces. This results can be extended to the convergence in n-normed space.
